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Abstrat
We show how super BF theory in any dimension an be quantized
as a spin foam model, generalizing the situation for ordinary BF theory.
This is a rst step toward quantizing supergravity theories. We inves-
tigate in partiular 3-dimensional (p = 1, q = 1) supergravity whih we
quantize exatly. We obtain a super-Ponzano-Regge model with gauge
group OSp(1|2). A main motivation for our approah is the implemen-
tation of fermioni degrees of freedom in spin foam models. Indeed, we
propose a desription of the fermioni degrees of freedom in our model.
Complementing the path integral approah we also disuss aspets of a
anonial quantization in the spirit of loop quantum gravity. Finally, we
omment on 2+1-dimensional quantum supergravity and the inlusion of
a osmologial onstant.
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1 Introdution
Spin foam models provide a non-perturbative approah to quantum gravity
[1, 2, 3℄. They an be motivated both, as a rigorous way of performing a ovari-
ant path integral quantization, and as emerging as histories in the (anonial)
loop approah to quantum gravity. So far these approahes to quantum gravity
have lived a largely separate life from the main perturbative approah, namely
string theory. An obstale to linking the two has been the fat that string
theory presumes supersymmetry. In the spin foam ontext this would require
supergroups as gauge groups, something that so far had not been realized. How-
ever, with the reent introdution of a new formalism this limitation has been
overome [4℄.
1
We onsider here the extension of the spin foam approah to the quantization
of supergravity theories. Apart from thus building a bridge towards string
theory this has important intrinsi motivations. Foremost this is the question
of inluding matter degrees of freedom into pure gravity spin foam models. So
far, various proposals have been made both for fermions [5, 6℄ and for gauge
elds [7, 8℄, but no onsensus yet has emerged on how to proeed. Supergravity
oers a new perspetive at least for fermions. On the one hand the Lagrangian
automatially ontains fermions, on the other hand a supereld formulation
allows to hide these in the gauge eld. The quantization we propose proeeds
by taking advantage of the supereld formulation. The generalization from
elds to superelds an be thought of as ourring on the level of the gauge
group, whih beomes a supergroup. This allows to mimi the quantization
of ordinary gravity. The resulting models then appear as a guide as to how to
enode fermions in more general situations.
Our main fous here is three-dimensional supergravity, where we show how
the exat non-perturbative path integral quantization is performed. We proeed
in analogy to ordinary gravity in three dimensions. There, using frame eld
and onnetion variables the Lagrangian takes the form of BF theory. This is
quantized through a disretization of the path integral using methods of lattie
gauge theory. The result is independent of the disretization and provides thus
an exat quantization [9, 10℄.
Using superelds, three-dimensional supergravity an be written in the anal-
ogous way by employing superframe and superonnetion [11℄. The gauge group
beomes OSp(1|2) in the (p = 1, q = 1) version of supergravity. Using the for-
malism of iruit diagrams [4℄ the quantization is then analogous to that of
gravity, but with the supergroup OSp(1|2) replaing SU(2).
While our quantization of supergravity is performed using the iruit dia-
gram formalism we also exhibit the onversion into the more onventional spin
foam formalism. However, we note that a naive treatment of the resulting
expressions leads to potential ambiguities. This seems to be at the origin of
diulties that have previously prevented the formulation of supersymmetri
models.
We also investigate the loop quantization of this supergravity theory, whih
is believed to provide the anonial framework orresponding to the path inte-
1
Note that it is possible in priniple to handle supergroups already by adapting the for-
malism of Barrett and Westbury in dimension three [12℄ or that of Crane, Kaumann and
Yetter in dimension four [13℄. This would be rather laborious however and has the ruial
disadvantage that it does not generalize to higher dimensions.
3
gral dened by the spin foam partition funtion. This parallels the situation
for ordinary (three-dimensional) gravity and we use super-spin networks, us-
ing OSp(1|2) representations, instead of the usual spin networks, using SU(2)
representations. Following the logi of loop quantum gravity, we introdue ge-
ometri operators. However, the usual length operator, onstruted from the
triad, is not diagonal on the super-spin network basis, and we need to introdue
a super-length operator, onstruted from the super-triad. Then, using the re-
lations between OSp(1|2) and SU(2) representations, these states of quantum
supergravity an be understood as superpositions of pure (quantum) gravity
states.
Based on properties of the representation theory of OSp(1|2) we make a
proposal for identifying the fermions in the spin foam. Indeed, fermions are
assoiated to edges of the spin foam and the partition funtion an be understood
as a sum over gravity+fermions ongurations, whih are dened through the
identiation of fermioni paths drawn on the spin foam. This framework for
fermions is very similar to the loop quantum gravity point of view. Nevertheless,
in the present ontext, the fermioni degrees of freedom are mixed together
with the gravity degrees of freedom in suh a way that we an see the model
both as a gravity+fermions system or as sum over speial superpositions -the
supersymmetri ones- of pure gravity ongurations.
While we onentrate in this paper on supergravity without a osmologi-
al onstant, its inlusion ould be ahieved similarly as with gravity (see for
example [10, 14℄). That is, the osmologial onstant should orrespond to a
q-deformation of the gauge group, leading to a super-version of the Turaev-Viro
model. Indeed we present elements of suh a onstrution at the end, using the
quantum group OSpq(1|2).
While we only onsider supergravity in dimension three here, a ruial prop-
erty of our approah is its extendibility to higher dimensions. This is again in
parallel to the situation for gravity. Namely, the Lagrangian of gravity in any
dimension may be written as that of BF theory plus a onstraint [15℄. This
suggests to quantize gravity by rst quantizing BF theory (whih an be done
exatly and non-perturbatively) and then implementing the onstraints at the
quantum level. This is indeed the key idea behind reent proposals for spin foam
models of quantum gravity [16℄. Although, the fous has, for obvious reasons,
been on dimension four the same route an be taken also in higher dimensions.
Importantly, there are indiations for orresponding relations between super-
gravity theories and super BF theory (see for example [17℄). This would also
open the way to a non-perturbative approah to M-theory via 11 dimensional
quantum supergravity. Cruially, the quantization of super BF theory presented
here works in any dimension.
In Setion 2, we introdue the diagrammatis neessary to dene supersym-
metri spin foam models. In Setion 3, we explain how the quantization of
BF theory leads to spin foam models and how to inlude graded representa-
tions in the sheme. We illustrate this with two versions of the Ponzano-Regge
model: the normal one based on su2 standard representation theory and a
graded one obtained by assigning parities to su2 representations (i.e. treating
them as bosoni or fermioni depending on the spin). We dene preisely eah
model and disuss the relations between the two. In Setion 4, we show how
three-dimensional supergravity an be written as a (supersymmetri) BF the-
ory. We also exhibit the representation theory of osp(1|2) neessary for the
4
quantization. Furthermore, we disuss the anonial piture and aspets of its
quantization. In Setion 5, we quantize three-dimensional supergravity as a
Super-Ponzano-Regge model, we study its formulation in term of supersym-
metri 6j-symbols and explore its geometry trying to disentangle the fermioni
degrees of freedom from the pure gravity degrees of freedom. Finally we om-
ment on the modiations neessary for 2+ 1-dimensional supergravity and for
inluding a osmologial onstant.
2 Ciruit diagrams
In order to eiently represent and manipulate the state sum models onsidered
in this paper we use the formalism of iruit diagrams [4℄. This is a diagrammati
language to represent natural intertwiners of groups, supergroups or quantum
groups. While somewhat similar to spin network diagrams the iruit diagrams
have ruial advantages in supergroup or quantum group settings.
The proper denitions are somewhat tehnial as they use the language of
ategory theory. However, we are here interested only in diagrams arising in the
ontext of representations of groups and supergroups.
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The present setion gives
an introdution to iruit diagrams in this ontext. Furthermore, we explain
their relation to spin network diagrams.
2.1 Diagrams for graded representations
A iruit diagram onsists of lines, alled wires and retangular boxes, alled
ables. Eah wire arries an orientation, i.e., is equipped with an arrow. It also
arries the label of a representation. A wire an pass through ables, entering
at the top and leaving at the bottom. Wires may have free ends, lined up on
the top and bottom line of the diagram, but nowhere else.
An (open) iruit diagram represents an intertwiner (i.e., an invariant map)
between representations. Say the representations labeling the wires ending at
the top are V1, . . . , Vn and the representations labeling the wires at the bottom
areW1, . . . ,Wm. Then the diagram represents a map V1⊗· · ·⊗Vn →W1⊗· · ·⊗
Wm. For wires with an arrow pointing upward the respetive representation is
replaed with its dual.
In order to evaluate a iruit diagram it is neessary to deompose it into
elementary diagrams. These are then pieed together horizontally and vertially
to yield the omplete diagram. Horizontal omposition orresponds to taking
the tensor produt while vertial omposition orresponds to omposition of
maps.
The elementary diagrams onsisting of wire only are listed in Figure 1. Note
that the lak of a wire ending at the top or bottom of a diagram means that one
takes the trivial representation 1 whih is identied with the omplex numbers
C. Elements of V and V ∗ are denoted v and φ respetively. The pairing V ∗ ⊗
V → C between a representation V and its dual V ∗ is denoted by φ⊗v 7→ 〈φ, v〉.
{vi} denotes a basis of V and {φi} a dual basis of V ∗. For the rossing diagram,
no arrows are drawn as the speied intertwiner takes the same form for all
arrow ongurations.
2
In terms of [4℄ these are iruit diagrams for symmetri ategories. More preisely, they
are iruit diagrams for a ategory of Z2 graded objets.
5
HV
N
V V W
v 7→ v φ 7→ φ v ⊗ w 7→ (−1)|v||w|w ⊗ v
◭
V ◭
V
φ⊗ v 7→ 〈φ, v〉 1 7→∑i vi ⊗ φi
◮
V ◮
V
v ⊗ φ 7→ (−1)|v||φ|〈φ, v〉 1 7→∑i(−1)|vi||φi|φi ⊗ vi
Figure 1: Elementary diagrams and their orresponding intertwiners.
V1 Vn· · ·
· · ·
H H
Figure 2: A able diagram with n wires going through, labelled V1 to Vn.
6
The only other elementary diagram is the able, see Figure 2. The inter-
twiner
T : V1 ⊗ · · · ⊗ Vn → V1 ⊗ · · · ⊗ Vn (1)
it orresponds to is the projetion of the tensor produt representation onto its
trivial (i.e., invariant) subrepresentation. For representations of a group G we
an express this using the Haar measure as
T : v1 ⊗ · · · ⊗ vn 7→
∫
dg g ⊲ v1 ⊗ · · · ⊗ g ⊲ vn. (2)
Here g ⊲ v denotes the ation of g on v.
Intuitively speaking, this is also what is going on for supergroups. To give a
rigorous denition in this ase, however, requires a Hopf algebrai setting. We
give a rough sketh of this here without going into further details. For a group
G one an onsider the Hopf algebraH of algebrai funtions on G. The integral
then beomes a map
∫
: H → C. An ation of the group beomes a oation of
H . This is a map V → V ⊗H written as v 7→ v(1)⊗ vß2. (The subsript denote
indies that are summed over.) Then the intertwiner T an be expressed as
T : v1 ⊗ · · · ⊗ vn 7→ v1(1) ⊗ · · · ⊗ vn(1)
∫
v1ß2 · · · vnß2. (3)
This is equivalent to the expression (2). However, it generalizes to the super-
group ase. Namely, while a group gives rise to a ommutative Hopf algebra,
a supergroup gives rise to a graded ommutative Hopf superalgebra H . The
integral is again a map
∫
: H → C and (3) again denes the intertwiner T only
with the dierene that a fator
(−1)
∑n
k=1
∑n
j=2 |vj(1)||vkß2|
has to be inserted to take are of the grading.
An important property of the iruit diagrams (of the type onsidered here)
is their invariane under ombinatorial isotopy.
3
That is, two iruit diagrams
evaluate to the same intertwiner as long as they are ombinatorially idential.
This means they need to be omposed out of the same ables and piees of wire,
onneted in the same way, with the same labels, arrow diretions and wire end-
ings. However, the spatial arrangement of these omponents may be ompletely
arbitrary otherwise (exept for the wire endings at the top and bottom of the
diagram).
A losed iruit diagram represents an intertwiner 1 → 1 from the trivial
representation to itself, i.e., it is just a omplex number. The simplest suh
diagram is obviously a single losed loop. Its value is easily omputed from
Figure 1 by omposing two opposing arhes. Regardless of the arrow diretion
the result for a representation V is4∑
i
(−1)|vi||φi| =
∑
i
(−1)|vi| = dimV0 − dimV1 = SdimV, (4)
i.e., the superdimension. Here, V0 is the even and V1 the odd part of V = V0⊕V1.
3
Ciruit diagrams for non-symmetri ategories have weaker isotopy properties. This has
the eet of plaing onstraints on the possible spae-time dimension of spin foam models
with quantum gauge groups [4℄.
4
Note that |vi| = |φi| for a graded basis and its dual.
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2.2 The group ase
If we are dealing with a group the iruit diagram formalism has a simple inter-
pretation in terms of integrals over matrix elements. Indeed the formula (2) for
the able when ontrated with a dual basis of the representations V1, . . . , Vn
is just an integral over a produt of matrix elements. If the iruit diagram is
losed, all matrix elements are ontrated to haraters, i.e., traes of matrix
elements.
Conretely, this implies the following rules for evaluating losed iruit di-
agrams of non-graded group representations [18℄. Attah a group element and
a diretion to eah able. Assoiate a harater with eah losed loop of wire
orresponding to the representation of the wire. This harater is evaluated on
the produt of group elements assoiated with the ables it traverses. The prod-
ut of group elements is built from right to left following the arrow diretion
on the wire. (The starting point is irrelevant beause of the trae property.) If
the diretions on able and wire are opposite the orresponding group element
is replaed by its inverse. The value of the iruit diagram is the value of the
omplete expression with all group elements integrated over.
For graded representations of a group, similar evaluation rules hold for losed
iruit diagrams. First note that formula (2) for the able still holds. However,
fators of (−1) (see Figure 1) oming from the grading have to be taken into
aount in assembling a iruit diagram. As shown in [19℄ these various fators
an be subsumed into a simple extra rule familiar from Feynman diagrams with
fermions. Namely, the harater of a fermioni representation (i.e., a fermioni
loop) is to be weighted with a fator of (−1). Another way to look at this is as
a replaement of the harater as a trae of matrix elements by the supertrae.
In the general supergroup ase, suh simplied rules for the evaluation of
iruit diagrams no longer hold. One way to view this is as being due to the
nonommutativity of the Hopf superalgebra of funtions on the supergroup.
This nonommutativity introdues ordering ambiguities for the matrix elements
in the integrals.
Besides the supergroup ase, the formalism also allows the extension to quan-
tum groups. Then, more restritive rules apply for the handling of the diagrams
and a full ategorial interpretation is inevitable [4℄. We will not make use of this
ontext here, but it would be the relevant one for models with a osmologial
onstant, see Setion 5.6.
2.3 Relation to spin networks
We now turn to the relation between iruit diagrams and spin network dia-
grams. Essentially, a iruit diagram an be translated into a spin network
diagram, but not neessarily the other way round. The expression of a iruit
diagram in terms of spin networks is eeted by a deomposition of eah able
into a pair of spin network nodes, see Figure 3.
Reall that the able represents an intertwiner (1) that projets onto the triv-
ial subrepresentation. Deomposing this subrepresentation into one-dimensional
subspaes indexed by k we an write
T =
∑
k
Φ′kΦk (5)
8
=
∑
k
Φk
Φ′k
Figure 3: Deomposition of a able into spin network nodes.
in terms of new intertwiners Φk : V1⊗ · · ·⊗Vn → 1 and Φ′k : 1→ V1⊗ · · · ⊗Vn.
These new intertwiners are now used to label the nodes arising in utting the
able (Figure 3).
When working with spin networks one normally makes one-and-for-all hoies
of intertwiners to be assoiated with nodes for given tensor produts of repre-
sentations. In partiular, the intertwiners are dened for arbitrary orientations
of the legs of a node and symmetri under reordering of the legs. (Indeed this is
suggested by the dot notation and familiar from the use of Feynman diagrams.)
Unfortunately, this has the eet that the nie isotopy properties of the iruit
diagrams are broken, in general. In other words, the value of a spin network
diagram is not neessarily the same for all ombinatorial ways of assembling its
elements (links and nodes). This an mean that it is not well dened at all.
For non-graded group representations the problem an be and usually is
xed. A lever hoie of intertwiners ensures ombinatorial invariane of the spin
network diagrams. For graded representations of ordinary groups the situation
is already more triky (with antisymmetries entering). For supergroups the
ombinatorial invariane annot be restored. Indeed this seems to be at the
root of the diulties enountered in previous eorts to dene spin networks
with supergroups and to dene supersymmetri spin foam models.
3 3-Dimensional quantum gravity: two state sums
In this setion we review the path integral quantization of three-dimensional
gravity. First, we review lassial gravity in three dimensions and its formu-
lation as as a BF theory. The path integral for the quantum theory, dening
the dynamis of three-dimensional loop quantum gravity, is dened as a spin
foam model. In this ontext, we start by onsidering the more general setting
of BF-theory in arbitrary dimensions. Then speializing to gravity, we empha-
size that there are two versions of the Ponzano-Regge state sum. One omes
diretly out of the quantization while the other results from onsidering half-
integer representations of SU(2) as fermioni. This foreshadows aspets of the
transition to supersymmetri models. Finally, we reall aspets of the anonial
quantization.
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3.1 Classial gravity
Let us start by desribing the ation for lassial three-dimensional gravity in a
onnetion formalism. Let M be a three dimensional manifold, the spae-time.
The Lorentzian (resp. Eulidean) theory is formulated in terms of two elds on
M: a 1-form ω -the onnetion- valued in the Lie algebra so(2, 1) (resp. so(3))
and a triad eld e valued also in so(2, 1) (resp. so(3)). Then the ation is:
S[ω, e] =
∫
M
Tr (e ∧ F (ω) + Λe ∧ e ∧ e) (6)
where F (w) is the urvature 2-form of ω and Λ is the osmologial onstant.
The equations of motion impose that the urvature salar of the onnetion is
equal to Λ (the onnetion is at when Λ = 0) and that the triad is ompatible
with the onnetion. The latter ondition, dωe = 0, is the Gauss law imposing
invariane under SU(1, 1) (resp. SU(2)) gauge transformations. Therefore, the
theory is invariant under SO(2, 1) (resp. SO(3)) gauge transformation and under
dieomorphisms.
It is then possible to formulate it as a gauge theory of the Poinaré group
[20℄. For this purpose, let us introdue the 1-form
Aµ = ω
i
µJi + e
i
µPi (7)
where Ji are the generators of so(2, 1) (resp. so(3)) and Pi the translation
generators satisfying the following ommutation relations:
[Ji, Jj ] = ǫ
k
ijJk,
[Ji, Pj ] = ǫ
k
ijPk,
[Pi, Pj ] = Λǫ
k
ijJk.
(8)
A is therefore valued in iso(2, 1) (resp. iso(3)) when Λ = 0, so(3, 1) (resp.
so(4)) when Λ > 0 (de Sitter ase) and so(2, 2) (resp. so(3, 1)) when Λ < 0
(Anti-de Sitter ase):
Euclidean Lorentzian
Λ = 0 iso(3) iso(2, 1)
Λ > 0 so(4) so(3, 1)
Λ < 0 so(3, 1) so(2, 2)
Then the gravity ation an be written as a Chern-Simons theory of A:
S[A] =
∫
〈A ∧ dA〉+ 2
3
〈A ∧ A ∧ A〉 (9)
where 〈, 〉 is an invariant quadrati form on the (Ji, Pi) Lie algebra:
〈Ji, Jj〉 = 〈Pi, Pj〉 = 0 〈Ji, Pj〉 = ηij . (10)
In the Eulidean Λ > 0 ase, using so(4) ∼ spin(4) ∼ su(2) ⊕ su(2), we an
split the onnetion A into selfdual and antiselfdual parts A±, whih are 1-form
valued in su(2). Indeed, let us introdue the generators
J±i =
1
2
(
Ji ± 1√
Λ
Pi
)
, (11)
10
whih satisfy the ommutation relations [J±, J±] = ǫJ± and [J+, J−] = 0.
Then the 1-form A reads as
A = ωiJi + e
iPi = A
i+J+i +A
i−J−i with A
i± = ωi ±
√
Λei. (12)
For A±, we an introdue a Chern-Simons ation
S±[A±] =
∫
Trsu(2)
(
A± ∧ dA± + 2
3
A± ∧A± ∧ A±
)
, (13)
whih we an ombine to get the initial ation
S[A] =
1
4
√
Λ
(S+ − S−). (14)
We an also do the same for the Lorentzian Λ < 0 ase where so(2, 2) splits into
sp(2)⊕ sp(2) as a Lie algebra.
Finally, one an quantize the theory as a Chern-Simons theory or as the sum
of two Chern-Simons theories. One an also quantize as a topologial BF ation
working diretly on its path integral, whih leads to the Ponzano-Regge-Turaev-
Viro model, the spin foam model for 3-dimensional quantum gravity, whih we
review in the following setion 3.2. The link between the Turaev-Viro model
and the Chern-Simons quantization allows to trak the role of the osmologial
onstant and relate it with the quantum deformation of the SU(2) group used in
the spin foam model. One an also anonially quantize the theory in the spirit
of loop quantum gravity [21, 22℄, as explained in setion 3.4. It is understood to
provide the anonial framework for the path integral dened by the Ponzano-
Regge model, though its link with the Chern-Simons quantization is not yet
lear.
3.2 Quantization of BF theory
We briey reall in this setion the quantization of BF theory via path integral
and disretization (see for example [1℄). We do this in terms of iruit diagrams
on a ellular deomposition of the underlying manifold [4, 23, 18℄.
Consider the BF ation
S[A,B] =
∫
M
tr(B ∧ F ), (15)
on a ompat manifold M of dimension n. Here F is the urvature 2-form of a
onnetion A for a ompat simple Lie group G. B is an n− 2-form with values
in the Lie algebra of G. tr is the trae in the fundamental representation.
As a rst step to evaluate the partition funtion we an formally integrate
out the B-eld in the path integral as it appears linearly in the exponential
Z
BF
=
∫
DADB eiS[A,B] =
∫
DAδ(F ).
We remain with an integral over at onnetions.
To make sense of the remaining path integral we disretize the manifold
M as a CW-omplex. In other words, we divide it into open balls (ells) of
dimension n. The spaes left out we ll with open balls of dimension n − 1,
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the spaes again left with open balls of dimension n − 2 et.5 This is alled a
ellular deomposition of M .
Now what we need is the 2-skeleton of the dual omplex. This means the
following: Put into eah n-ell a point, alled vertex. Through eah n − 1-ell
put a line, alled an edge, that onnets the two verties in the adjaent n-ells.
Finally, for eah n− 2-ell insert a surfae, alled a fae, that is bounded by the
edges whih piere the adjaent n− 1-ells.
Now we disretize the onnetion A as in lattie gauge theory. That is, we
assoiate a group valued parallel transport ge with eah edge e. We then measure
the urvature F trough the holonomies, i.e., produts of parallel transports
around the faes. The zero urvature ondition beomes the ondition that the
holonomies vanish, i.e., the produt of group elements around eah fae has to
be the unit element. Finally, the integral over onnetions beomes the Haar
measure over group elements for eah edge.
The disretized version of BF theory thus has the following partition funtion
Z
BF
=
∫ ∏
e
dge
∏
f
δ(g1 · · · gk). (16)
Here g1, . . . , gk are the group elements assoiated with the edges bounding the
fae f . Expanding the delta funtion in terms of haraters of irreduible rep-
resentations
δ(g) =
∑
V
dimV χV (g) (17)
and reordering produts and sums we obtain
Z
BF
=
∑
Vf
(∏
f
dimVf
) ∫ ∏
e
dge
∏
f
χVf (g1 · · · gk). (18)
We represent the partition funtion diagrammatially aording to the rules
of Setion 2.2. Consider one big iruit diagram embedded into the manifold and
onstruted as follows. A losed wire is put into eah fae along its bounding
edges. It is labelled by the representation Vf assoiated with the fae. A able is
put onto eah edge and the wires passing along this edge are routed through the
able. This is depited in Figure 4. We denote the value of this labeled iruit
diagram by D(Vf ). The value of ZBF is the value of D(Vf ) summed over all
assignments of irreduible representations to faes and weighted by the produt
of the dimensions of the representations.
For Z
BF
to be a good quantization of BF theory it should be independent
of the hosen ellular deomposition. This is almost the ase, exept for an
anomaly. We dene the quantity
6
κ :=
∑
V
(dimV )2, (19)
5
Think of a foam of soap bubbles: The interiors of the bubbles are the n-ells, the walls
where two bubbles meet are the n − 1-ells, the lines where several suh walls meet are the
n− 2-ells et.
6
Note that this quantity is innite, exept for nite groups or ertain quantum groups.
Nevertheless, it makes sense in the diagrammati alulus. Also, it presumably drops out of
any physially measurable quantity.
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Figure 4: A piee of the iruit diagram representing the partition funtion of
BF theory. Labels and arrows for wires are omitted.
where the sum runs over all irreduible representations V . The partition fun-
tion is modied to read
Z˜
BF
:= κpZ
BF
,
where p is a funtion of the number of ells of dierent dimensions. The hoie
of p an be viewed as a renormalization problem [18℄ and there are dierent
ways to x it. For deniteness we shall set
7
p := −cn + cn−1 − cn−2,
where ck is the number of k-ells. Let us point out that this is preisely the
Euler harateristi of the 2-omplex.
The disretization independene of Z˜
BF
was proven in dimensions 3 and 4
for simpliial deompositions in [24℄ and [25℄. In dimension 3 it was extended
to ellular deompositions in [23℄. In arbitrary dimensions the proof was arried
out in [18℄.
3.3 Two versions of the Ponzano-Regge model
We now turn bak to the study of general relativity in three dimensions. When
Λ = 0, the gravity ation is simply the BF-ation (15) with G = SO(3) and
A = ω, B = e. Thus, the path integral quantization is given just by the
partition funtion Z˜
BF
as desribed above. That is, it an be expressed as a
sum over iruit diagrams embedded into a ellular deomposition of M . We
7
Other hoies (onsistent with a TQFT interpretation) an be obtained by adding multi-
ples of the Euler harateristi. A popular hoie in dimension three is for example p = −c0
[24℄.
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shall denote the partition funtion in this ontext by Z
PR
so that,
Z
PR
= κp
∑
Vf
(
∏
f
dimVf )D(Vf ) (20)
As desribed in Setion 2.3 we may deompose the ables into pairs of spin net-
work nodes (Figure 3) by summing over appropriate intertwiners Φe assoiated
with edges e. The state sum then aquires the form
Z
PR
= κp
∑
Vf
(
∏
f
dimVf )
∑
Φe
∏
v
Av(Vf ,Φe), (21)
whih is more familiar for spin foam models. Here, Av are the vertex amplitudes
that arise as the spin networks (reoupling symbols) for the verties. Usually, a
simpliial deomposition of M is employed so that the amplitudes Av all take
the form of a 6j-symbol. Furthermore, as we shall assume in the following, we
an use the group G = SU(2) instead of SO(3). This just means that we require
ω to be a spin onnetion, so as to allow for the possibility of fermioni degrees
of freedom. The orresponding state sum is known as the Ponzano-Regge model
[9℄.
To be more expliit, a simpliial deomposition is a deomposition into tetra-
hedra. As eah tetrahedron has six edges this means in terms of the dual om-
plex that eah vertex v is part of six faes f . Thus there are six representation
labels j1, . . . , j6 assoiated with eah vertex. Furthermore, 2-ells are trian-
gles and thus have three 1-ells in their boundary. Dually this means that any
edge bounds three faes. As a onsequene, there are exatly three wires going
through eah able. For the group SU(2) (or SO(3)) a tensor produt of three
irreduible representations has an invariant subspae of dimension at most one.
Thus, the sums (5) arising in the deomposition of the ables (Figure 3) have
only one summand (or none) and we an drop the intertwiner labels Φe in (21).
Av only depends on j1, . . . , j6 and as a spin network it takes the form of a
tetrahedron. Its value is the 6j-symbol and the partition funtion takes the well
known expliit form
Z
PR
= κp
∑
jf
(
∏
f
(2jf + 1))
∏
v
{
j1 j2 j3
j4 j5 j6
}
. (22)
A ruial point is that the representation of the partition funtion Z
PR
both
in terms of iruit diagrams and in terms of reoupling symbols does not diretly
refer to the gauge group G. Instead, only the representations of G appear. This
allows us to modify the representation struture in a way that is not indued
by hoosing a dierent group G. For the group SU(2) there is the standard
hoie onsidered so far. But there is also the hoie of introduing a grading
on representations so that half-integer representations are odd. Indeed, this is
what the spin-statistis relation of quantum eld theory requires, if the group
SU(2) is to play the role of the overing group of the rotations in 3-spae. As
this is the ase in the the Ponzano-Regge model we shall adopt this grading.
Mathematially one might view this as hoosing a dierent version SU′(2) of
SU(2) [19℄. (This also ts niely with a ategorial formulation of quantum eld
theory [26℄.)
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The implementation is ompletely straightforward in the iruit diagram
representation of the partition funtion. The hange is aptured ompletely
by the alteration of the rules for elementary diagrams aording to Figure 1.
The umulative eet of these modiation is straightforward to evaluate fol-
lowing the rules of Setion 2.2 for graded representations of groups. Namely,
eah losed wire labelled with an odd representation aquires a fator of −1.
Now, eah representation label Vf appears exatly twie in the iruit diagram
representation, both originating from the expansion of the delta funtion (17).
The rst ourrene is in the fator dim Vf , while the seond is in the harater
χVf represented as the wire going round the fae f . The former, however, is
really also a diagram, namely a losed loop of wire. It only happens to equal the
dimension of the representation in the ontext of the derivation. In the more
general graded ase it is the superdimension (4). For the spin j representation
of SU(2) this is (−1)2j(2j + 1). Thus, we have two fators of −1 for eah odd
representation that anel. This proves that the graded Ponzano-Regge model
and the usual one agree in their partition funtion. The agreement between the
two models ends, however, if we insert observables that probe the signs or if we
inlude boundaries.
To emphasize the modiation we write the graded Ponzano-Regge model
as
Zˆ
PR
= κˆp
∑
Vf
(
∏
f
SdimVf ) Dˆ(Vf ). (23)
This also exhibits another subtlety. Namely, in the denition (19) of κ the
dimension has to be replaed by the superdimension (hene the notation κˆ).
This is again beause the proper denition of κ is really as a sum over squares
of loop diagrams. For the present model this doesn't make any dierene as
ordinary dimension and superdimension dier at most by a sign for irreduible
representations.
The spin foam representation for the graded Ponzano-Regge model is ob-
tained as usual from the iruit diagram representation. Now, the modied
rules for elementary diagrams (Figure 1) have to be used. This leads (as already
desribed) to a replaement of the dimension fators in (21) by the superdimen-
sion fators and to a modiation of the 6j-symbols Av. In this formulation
the equality of the partition funtion between the two models is less easy to
reognize. Indeed it seems that the two versions of the Ponzano-Regge model
have been oasionally onfused in the literature.
We shall regard the graded model Zˆ
PR
as the physial Ponzano-Regge model.
Indeed this will turn out to be relevant in the supersymmetri setting.
Writing down a partition funtion is not suient to dene a quantum the-
ory. Indeed, in the present ase of three-dimensional gravity the quantum theory
is really dened by extending the Ponzano-Regge model to a topologial quan-
tum eld theory. This means onsidering manifolds with boundary. State spaes
are assoiated to boundaries and the Ponzano-Regge state sum beomes a tran-
sition amplitude between these state spaes, see e.g. [10℄. We desribe this in
detail in Setion 5.3 in the more general supersymmetri ase.
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3.4 Canonial framework: Loop Quantum Gravity
Complementary to the path integral approah, it is also interesting to study
the anonial quantization of the BF theory formulation. This leads to three-
dimensional loop quantum gravity, on whih the reader an an nd details in
the Eulidean ase in [21℄ and in the Lorentzian ontext in [22℄.
Forgetting the osmologial onstant, anonially analyzing ation (6), the
pairs of onjugate anonial variables are made of (the spae omponents of) the
triad e and the onnetion ω. The Hamiltonian is entirely made of onstraints.
The rst one, dωe = 0, is the Gauss law imposing gauge invariane under
SU(2) or SU(1, 1)8. The seond one F = 0 an be deomposed into some
spae omponents generating spae dieomorphisms and a time omponent -
the Hamiltonian onstraint- governing the dynamis of the theory. Then one
an hoose (SU(2) or SU(1, 1)) spin networks (or more preisely equivalene
lasses of spin networks under spae dieomorphisms) as partial observables
9
,
whih we use as kinematial states of the quantum theory. The last step is to
study their dynamis, i.e. nd the states satisfying the Hamiltonian onstraint.
At the end of the proess, one should reover gauge invariant states satisfying
the F = 0 atness onstraint.
In the framework of loop quantization, there are ambiguities on the imple-
mentation of the dynamis and we do not know yet a good hoie of quantum
Hamiltonian onstraint. It turns out that spin foams allow to adress this is-
sue: instead of anonially quantizing the Hamiltonian onstraint, we onstrut
the path integral for the theory, whih provides us with a projetor onto phys-
ial states solution of the Hamiltonian onstraint. Indeed spin foams appear
as histories of spin networks and spin foam models might be viewed as loop
gravity models taking into aount the dynamis. More preisely, when one
looks at the boundary (or a two-dimensional slie) of a 2-omplex (a spin foam)
in the Ponzano-Regge model, one gets SU(2) spin networks (or SU(1, 1) spin
networks in its Lorentzian theory). From this point of view, the Ponzano-Regge
model appears as the spae-time version or path integral formulation for three-
dimensional loop quantum gravity. Then one an hek that the Ponzano-Regge
partition funtion denes a projetor (in the spae of the boundary states, see
the omments at the end of Setion 3.3) onto the F = 0 setor and thus projets
onto physial states of the anonial theory [10℄.
In the ase of a osmologial onstant, only the Hamiltonian onstraint is
modied, and the Turaev-Viro model (deformed Ponzano-Regge model) still
allows to projet onto states satisfying the onstraints [10℄.
8SU(1, 1) ∼ SL(2,R) ∼ Sp(2) is the double over of SO(2, 1) but it is not its universal over.
The rst order formulation of gravity uses the triad and therefore needs spinor indies provided
by SU(2) in the Eulidean ase and SU(1, 1) in the Lorentzian ase. Moreover, representations
of SU(1, 1) are assoiated a parity ǫ = ±1 (whether there are also representations of SO(2, 1)
or not), whereas representations of the universal over would be labelled by a ontinuous
parity ǫ ∈ [0, 1]. Therefore using SU(1, 1) to formulate a Lorentzian quantum theory leads
to strutures very similar to those of the Eulidean theory.
9
True Dira observables should ommute with all the onstraints. Partial observables do
not. Here they are quantities whih are hosen to be gauge invariant (under the Gauss law)
and dieomorphism invariant. But the Hamiltonian onstraint will at non-trivially on them,
i.e. they have a non-trivial time evolution. That is why we all them "kinematial states".
Then we would like to projet this spae of kinematial states onto physial states satisfying
also the Hamiltonian onstraints. The reader an nd a disussion on the notion of partial
observables and their use in [27℄.
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4 3-Dimensional lassial supergravity
4.1 Lagrangian formulation
One an extend the formulation of three-dimensional gravity, desribed in the
previous setion, to the supersymmetri ase of supergravity. This is ahieved
in the Lorentzian Anti-de Sitter ase by extending the symmetry group Sp(2)×
Sp(2) to OSp(p|2) × OSp(q|2). These (p, q) type AdS supergravities were in-
trodued by Ahúarro and Townsend [11℄. The same proedure works in the
Eulidean de Sitter ase and we extend SU(2)×SU(2) to OSpE(p|2)×OSpE(q|2)
(where the subsript E means that the bosoni part of the supergroup is O(p)×
SU(2) and not O(p)× Sp(2)).
In the present paper, we are interested in the simplest supergravity ase
(p = 1, q = 1) with a OSpE(1|2) × OSpE(1|2) supersymmetry. Using su(2)
spinor indies A,B, .. = ± and the notation (AB) (resp. [AB]) for symmetrising
(resp. antisymmetrising) the ouple of indies AB, the superalgebra ospE(1|2)
reads [
JAB, J
CD
]
= δ
[C
[AJ
D]
B] ,
{QA, QB} = JAB,
[JAB, QC ] = ǫC(AQB).
(24)
Then, one an introdue the supertriad
E = eABJAB + φAQA, (25)
and a 1-form A valued in ospE(1|2) -the superonnetion:
A = ωABJAB + ψAQA, (26)
whose urvature is dened as F = F˜ABJAB + FAQA with omponents
F˜AB = FAB(ω) + ψA ∧ ψB ,
FA = dωψ
A = dψA + ωAB ∧ ψB. (27)
The supersymmetri BF ation for supergravity then reads
Ssugra[E ,A] =
∫
M
STr (E ∧ F(A) + ΛE ∧ E ∧ E) . (28)
The equations of motion are F +ΛE ∧E = 0 imposing that the urvature salar
is Λ and the super Gauss law dAE = 0 imposing the ordinary SU(2) gauge
invariane and the (left-handed) supersymmetri onstraint.
Introduing the selfdual and antiselfdual omponents makes the ospE(1|2)⊕
ospE(1|2) symmetry expliit. Let us dene
AAB± = ω
AB ±
√
ΛeAB,
ψA± = ψ
A ± Λ1/4φA. (29)
Then the supergravity theory an be expressed as the sum of two Chern-Simons
theories on the 1-forms valued in ospE(1|2), AAB+ JAB + ψA+QA and AAB− JAB +
ψA−QA, with the two fermioni elds ψ±:
Ssugra =
1√
Λ
∫
M
ICS(A
AB
+ JAB + ψ
A
+QA)− ICS(AAB− JAB + ψA−QA) (30)
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with
ICS(A±, ψ±) = STrospE(1|2)
(
A± ∧ dA± + 2
3
A± ∧ A± ∧A± + ψ± ∧ dA±ψ±
)
,
(31)
whih is the form in whih the supergravity theories are introdued in [11℄.
Using this formalism, we are going to quantize three-dimensional supergrav-
ity as a super Ponzano-Regge model with symmetry group OSpE(1|2) instead
of SU(2). This state sum model will be a topologial theory based on the rep-
resentations of the superalgebra ospE(1|2) and, in the framework of spin foam
models, it should implement a (disrete) path integral for gravity plus fermions
in three dimensions.
4.2 Representation theory of ospE(1|2)
Instead of using the supergroup OSpE(1|2) diretly we shall use the super Lie
algebra ospE(1|2) to obtain its representations. This is tehnially easier and
allows the reurse to well established results in the literature. We review these
in the present setion.
4.2.1 Generators and ation
To study the representations of ospE(1|2), it is useful to write the algebra as
follows
10
:
[J3, J±] = ±J± [J+, J−] = 2J3
[J3, Q±] = ±1
2
Q± [J±, Q±] = 0 [J±, Q∓] = Q±
{Q±, Q±} = ±1
2
J± {Q∓, Q±} = −1
2
J3 (32)
The Casimir operator is C = J iJ i +Q+Q−−Q−Q+. The representations [29℄
are labelled by half-integer j and are made out of pairs of su(2) representations
arrying spin j and j − 1/2:
Rj = V j ⊕ V j− 12 ∀j ≥ 1
2
. (33)
We all j the spin of the osp(1|2) representations, k = j, j−1/2 the two isospins,
and we label |j, k,m〉 the vetors of a basis of Rj using the usual notations for
10
In terms of the su(2) generators J1,2,3, the algebra reads
[Ji, QA] = (γi)
B
AQB {QA, QB} = (γi)ABJi = (ǫγi)
B
AJi
where the γi are the Pauli matries and ǫ the antisymmetri matrix:
(γ1)
B
A =
1
2
(
0 1
1 0
)
γ2 =
i
2
(
0 −1
1 0
)
γ3 =
1
2
(
1 0
0 −1
)
ǫ =
(
0 1
−1 0
)
.
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Figure 5: Struture of the Rj representation of osp(1|2).
su(2). More preisely, the ation of the generators in the j representations is:
J3|j, j,m〉 = m|j, j,m〉,
J3|j, j − 1
2
,m〉 = m|j, j − 1
2
,m〉,
J±|j, j,m〉 = ((j ∓m)(j ±m+ 1))1/2 |j, j,m± 1〉,
J±|j, j − 1
2
,m〉 =
(
(j − 1
2
∓m)(j + 1
2
±m)
)1/2
|j, j − 1
2
,m± 1〉,
Q±|j, j,m〉 = ∓(j ∓m)1/2|j, j − 1
2
,m± 1
2
〉,
Q±|j, j − 1
2
,m〉 = −1
2
(j +
1
2
±m)1/2|j, j,m± 1
2
〉. (34)
In fat, we have two levels V j and V j−1/2. The su(2) generators J3,± at as
usual on eah level. Then the supersymmetri generators allow to go from one
level to the other. The Casimir of the Rj representation is
Cj = j
(
j +
1
2
)
. (35)
So the fermions ontribution is − j2 on the subspae V j →֒ Rj and 12
(
j + 12
)
on
V j−1/2.
4.2.2 Parity
Due to the anti-ommuting properties of the Q generators, we annot dene
a simple star operator and talk about unitary representations. We need to
introdue the parity (bosoni or fermioni) of the vetors of the representations,
use a grade star operation and talk about grade-star representations [29℄.
In a given representation Rj , we introdue a parity λ = 0, 1 whih means
that the vetors |j, j,m, λ〉 of V j have parity λ (0 for bosoni and 1 for fermioni)
and that the vetors |j, j − 1/2,m, λ+ 1〉 of V j−1/2 have parity λ+ 1.
The grade star operation
†
will take into aount the degree of the oper-
ators/vetors (whether it is bosoni or fermioni). More preisely, given an
operator A of degree α, A† is dened as:
〈A†ψ|ϕ〉 = (−1)αξ〈ψ|Aϕ〉 with ξ the degree of ψ. (36)
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With this denition we an require the hermitiity relations:
J†i = Ji Q
†
+ = ∓Q− Q†− = ±Q+. (37)
Hermitiity of the J generators imposes that
〈j, j,m, λ|j, j,m′, λ〉 = gδm,m′
〈j, j − 12 ,m, λ+ 1|j, j − 12 ,m′, λ+ 1〉 = hδm,m′,
where g, h are just signs. Hermitiity of the Q generators then implies h =
±(−1)λg. Finally, we have a grade star representation with a positive denite
salar produt i g = h, i.e. ±(−1)λ = 1 (with ± dened in (37)).
So far every irreduible representation Rj appears twie, one for eah hoie
of parity. However, we might wish to allow only one parity to our. Indeed,
if the sub Lie algebra su2 ⊂ osp(1|2) plays the physial role of (innitesimal)
rotations the representations must obey the spin-statistis relation of quantum
eld theory. That is, the Vj should be even or odd depending on whether j
is integer or not. In the Hopf algebrai approah to supergroups it is atually
possible to enode this restrition in the supergroup [28℄. There is an ordinary
(not super but nonommutative) Hopf algebra that enodes OSp(1|2). This
has representations of both parities. Then there are restrited Hopf algebras
whih allow for eah irreduible representation to our with only one parity.
The version we onsider here is alled OSp′(1|2) in [28℄.11 We shall ontinue to
pursue the super Lie algebrai point of view, but our remark ensures that the
restrition of the parity is onsistent. Tehnially speaking it means that we
have a good ategory of representations.
The impliations of the restrition in parity are as follows. For j ∈ N,
Q†+ = −Q− and Q†− = Q+ on Rj and, for j ∈ N + 1/2, Q†+ = Q− and
Q†− = −Q+ on Rj. The superdimension of the representation is given by the
supertrae of the identity and yields:
Sdim(Rj) = (−1)2j dim(V j)− (−1)2j dim(V j−1/2) = (−1)2j . (38)
4.2.3 Tensor produts
Let us now desribe the tensor produts of representations Rj. Taking into a-
ount that Rj = V j⊕V j−1/2 and the reoupling theory of su(2) representations,
we get:
Rj1 ⊗Rj2 =
⊕
|j1−j2|≤j≤(j1+j2)
Rj , (39)
where the sum over j goes by half-integer steps. Therefore, we see that the
situation is very similar to the su(2) ase with a triangular inequality on the
representations and the only dierene is that the representation j takes all
half-integer values and not only integer steps as in the representation theory of
su(2). As an example, we now have
R
1
2 ⊗R 12 = R0 ⊕R 12 ⊕R1
11
There is another subtlety whih has not been suiently appreiated in the literature.
OSpE(1|2) is supposed to have a bosoni subgroup SU(2)×O(1) with O(1) = Z2 (and this is
indeed the ase of OSp(1|2) in [28℄). However the representation theory of osp(1|2) as onsid-
ered here does not allow for an appropriate Z2 ation. This means that it really orresponds
to some trunated version of OSp(1|2). Nevertheless we shall be ontent with this trunation
sine it is self-onsistent and the bosoni subgroup SU(2) is properly ontained.
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Figure 6: Intertwiner Ij1j2 j3 : R
j1 ⊗ Rj2 → Rj3 invariant under osp(1|2): the de-
omposition on isospins V ji (solid lines) and V ji−1/2 (dotted lines) in the two ases
j1 + j2 + j3 ∈ N and j1 + j2 + j3 ∈ N+
1
2
.
instead of V 1/2⊗V 1/2 = V 0⊕V 1. Then the intertwiner Ij1j2 j3 : Rj1⊗Rj2 → Rj3
is unique (up to normalization) and we an dedue the orresponding (super-
symmetri) Clebsh-Gordan oeients expressing the hange of basis between
the vetors |j1k1m1〉 ⊗ |j2k2m2〉 and |(j1, j2)j3k3m3〉.
The simplest way to get the reoupling oeients is to work with the isospin
deomposition Rj = V j ⊕ V j− 12 and use the known su(2) Clebsh-Gordan oef-
ients. Then the restrition of the intertwiner of the k1 = j1, k2 = j2 isospins
Ij1j2 j3 : V
j1 ⊗ V j2 → V j3 ⊕ V j3− 12 is invariant under SU(2). Therefore either
the image is V j3 or V j3−
1
2
depending whether j1 + j2 + j3 is an integer or not.
This way, we see that they are two dierent situations:
• j1 + j2 + j3 ∈ N:
The only non-vanishing omponents are V j1 ⊗ V j2 → V j3 , whih is the
usual su(2) intertwiner and its supersymmetri ounterparts V j1−
1
2 ⊗
V j2 → V j3− 12 and V j1 ⊗ V j2− 12 → V j3− 12 . Eah of these intertwiners
are given up to a fator by the su(2) Clebsh-Gordan oeients. Then
their relative normalization is xed by invariane of Ij1j2 j3 under the su-
persymmetri generators Q±, so that I
j1j2
j3 is unique up to an overall
fator. One an nd the expliit expressions of the relative fators in [29℄.
• j1 + j2 + j3 ∈ N+ 12 :
The only non-vanishing omponents are V j1−
1
2 ⊗ V j2− 12 → V j3− 12 , and
its supersymmetri ounterparts V j1 ⊗ V j2 → V j3− 12 , V j1− 12 ⊗ V j2 →
V j3 and V j1 ⊗ V j2− 12 → V j3 . One again, eah of these intertwiners
is given up to a fator by the su(2) Clebsh-Gordan oeient and their
relative normalization is xed by the invariane under the supersymmetry
generators. Ij1j2 j3 is then unique up to an overall normalization.
5 3-Dimensional quantum supergravity
5.1 A topologial super Ponzano-Regge model
As the starting point for the quantization we take the BF-type formulation of
3-dimensional supergravity (28), without osmologial onstant. In order to
perform the quantization we wish to follow the same reipe as in Setion 3.2.
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Superially, everything seems to go through (ellular deomposition, paral-
lel transports et.), if we simply replae the group SU(2) by the supergroup
OSp(1|2). However, there is a problem. An expression suh as (16) or (18) is
no longer well dened sine we enounter ordering ambiguities between fun-
tions on the supergroup as they no longer ommute. On the other hand, the
orresponding iruit diagram representation of the partition funtion is still
well dened [4℄. Furthermore, xing the anomaly one obtains again a partition
funtion that does not depend on the hosen ellular deomposition [4, 23℄.
Thus, we obtain a good quantization whih we write as
Z
sugra
= κˆp
∑
Vf
(
∏
f
Sdim Vf ) Dˆ(Vf ).
As before, the hats indiate that the quantities involved arry nontrivial grad-
ings. The sum is now a sum over irreduible representations Vf of OSp(1|2) for
eah fae f . More preisely, as explained in Setion 4.2, we hoose only those
representations that obey the spin-statistis relation. This means, we eetively
restrit to the redued supergroup OSp′(1|2) [28℄ (see Setion 4.2). The bosoni
theory whih is extended is the graded Ponzano-Regge model (23) and not the
non-graded one (20).
In the following we shall onsider the appropriate representations of osp(1|2)
as disussed in Setion 4.2 (see footnote 11).
5.2 Deomposition into supersymmetri 6j-symbols
It would be desirable to obtain also in the supersymmetri ase a formulation
of the model in terms of the standard spin foam language, paralleling the usual
formulation of the ordinary Ponzano-Regge model (22). Roughly speaking, we
wish to deompose the ables into intertwiners (Figure 3) as in Setion 3.3, to
obtain a sum over produts of 6j-symbols assoiated with the tetrahedra of a
simpliial deomposition.
Superially, the proedure seems to be the same as already skethed in
Setion 3.3. There is a ruial dierene, however. In ontrast to the su(2) ase
the 3j-symbols for osp(1|2) that replae the able (Figure 3) no longer have a
purely ombinatorial denition. In other words, the meaning of a 3j-symbol
now depends on its graphial representation. Another way to say this is that
the 3j-symbols for osp(1|2) do not enjoy the same symmetry properties (under
moving around and exhange of legs) as the ones for su(2). This dependene
on the graphial representation is inherited by the 6j-symbols omposed of the
3j-symbols. One might view this as ausing an information loss in going to
a desription suh as (22). This phenomenon is well known when employing
quantum groups. Indeed, in the ase of the Ponzano-Regge model it is not
suient to replae 6j-symbols with quantum 6j-symbols. There is ruial
topologial information whih is not aptured by a formula of the type (22).
Although it is ommon to write down suh a formula also in the quantum group
ase it is then impliitly understood that this is not a omplete denition in
itself. Unfortunately, this fat does not seem to be universally appreiated in
the physis ommunity.
The same situation (although in a sense less severe) ours for supergroups.
Thus, although denitions of 6j-symbols for osp(1|2) do exist [30℄, it would not
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1Figure 7: The projetion property of the ables implies a normalization on-
dition for 3j-symbols. The normalization of the Θ net to one is valid for all
hoies of orientations of the links.
be suient to write a naive formula as (22) with those to get a well dened
model. In ontrast to the su(2) ase additional topologial information must
be speied. It is a ruial advantage of the iruit diagram formalism that
it does not suer from this problem but enodes the omplete information [4℄.
Thus, when splitting up ables we need to keep trak of this information. In
the following we desribe this splitting in more detail.
The proedure onsists of a few steps:
• First, we hoose arrows (orientations) for eah fae of the dual 2-omplex
(i.e. the spin foam), allowing to distinguish a representation from its dual.
• Then we ut eah able in two, deomposing it into pairs of 3j symbols
following Figure 3. Generially, a able would deompose into a sum of
suh pairs. But in the ase of osp(1|2), as in the su(2) ase, there is
one unique intertwiner up to normalization between a tensor produt of
three irreduible representations. A able deomposes simply into two 3j
symbols.
Eah 3j symbol orresponds to a map Rj1⊗Rj2⊗Rj3 → C, or Rj1⊗Rj2⊗
(Rj3)∗ → C et. depending on the arrows of the edges around the able.
These invariant tensors an all be onstruted up to normalization from
the tensor produt deomposition, dening the maps Rj1 ⊗Rj2 → Rj3 .
Then, of ourse, there is the issue of the normalization of these 3j sym-
bols. A key property of the ables (whih is ruial for the disretization
independene) is that the omposition of two ables is equivalent to a sin-
gle able (see Figure 7). This translates into a normalization of the 3j
symbols suh that the ontration of the two 3j symbols is equal to 1 (see
Figure 7). Note that all the individual 3j symbols are dened with respet
to a xed graphial representation.
• After having deomposed the ables assoiated to the edges, we gather
and ontrat the 3j symbols around eah vertex (i.e. tetrahedron) and
evaluate the resulting diagram thus dening a 6j symbol. Cruially, in
this proess the rules of Setion 2 apply, in partiular those of Figure 1.
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Then the partition funtion is the produt of all these 6j symbols, together
with the measure on the representation dened by the superdimension.
At the end of the day, we obtain a partition funtion for a losed manifold
written as
Z
sugra
=
∑
jf
(
∏
f
(−1)2jf )
∏
v
{6j}susy. (40)
Note that in the proess we have expliitly inorporated the topologial math-
ing information into the 6j-symbols. In partiular, the 6j-symbols are not nees-
sary dened uniformly. That is, 6j-symbols assoiated with dierent tetrahedra
might have a priori dierent normalizations, even if they are labeled with the
same representations. Given the results of [30℄ it is probable that this nonunifor-
mity an be removed up to sign fators. While that would be learly desirable,
it goes beyond the sope of this paper.
Let us point out that the weight for eah representation is simply a sign
(−1)2j ompared to the su(2) weight of modulus (2j +1). The supersymmetri
partition funtion is thus likely to be less divergent than the lassial Ponzano-
Regge partition funtion (whih needs a regularization).
5.3 Boundaries and TQFT
So far we have only onerned ourselves with the partition funtion. For a
full-edged quantum theory we need to speify states, observables et. We
follow here the approah of topologial quantum eld theory (TQFT) whih is
well established for three-dimensional quantum gravity [24, 10℄. Conretely, we
onsider 3-manifolds with boundaries. State spaes are assoiated with these
boundaries while linear maps between them are assoiated with the 3-manifolds.
The onstrution for quantum supergravity proeeds essentially identially to
the onstrution for quantum gravity. Nevertheless, we briey reall it here to
highlight dierenes that arise.
Let M be a ompat three-dimensional manifold with boundary ∂M . We
onsider a ellular deomposition of M . This implies in partiular a ellular
deomposition of ∂M . Consider the dual 1-omplex on ∂M , onsisting of nodes
(dual to 1-ells) and links (dual to 0-ells). This 1-omplex bounds the 2-
omplex in the interior of M that is dual to the ellular deomposition of M .
For a given labeling of faes and edges of the 2-omplex in M (in the piture
where ables are deomposed as in Setion 5.2) we get an indued labeling of
links and nodes on the boundary. In other words, we obtain a spin foam in the
interior bounded by a spin network on the boundary [31℄. The details of this
onstrution in terms of the iruit diagram formalism are desribed in [4℄.
A given ellular deomposition C of a 2-manifold Σ thus yields a vetor
spae HΣ,C , namely the spae with basis given by all labelings of the dual
1-omplex with representations and intertwiners. If Σ is the boundary of a 3-
manifold M with ellular deomposition Cˆ, the partition funtion Z
sugra
gives
rise to a linear map HΣ,C → C. This map is now independent of how Cˆ
extends the ellular deomposition C into the interior of M . Dualizing the
vetor spae HΣ,C allows to write the linear map as C → H∗Σ,C . In partiular,
given a 3-manifold M with boundaries Σ1,Σ2 and ellular deomposition yields
a linear map HΣ1,C1 → H∗Σ2,C2 , where C1 and C2 are the indued ellular
deompositions of the boundary omponents. Note that orientation reversal of
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a 2-manifold orresponds to dualization of the assoiated vetor spae (see [4℄
for details). Thus a given 2-manifold Σ with ellular deomposition C denes
a linear map PΣ,C : HΣ,C → HΣ,C assoiated with the 3-manifold Σ× I where
I is an interval. Here C is extended arbitrarily to the interior of Σ × I. Note
that PΣ,C is a projetor due to disretization independene in the interior (see
[10℄ for an expliit onstrution in the Ponzano-Regge ase). The physial state
spae assoiated with a 2-manifold Σ is dened to be HΣ := PΣ,C(HΣ,C). This
is independent of the ellular deomposition C. Furthermore, PΣ,C1(HΣ,C1)
and PΣ,C2(HΣ,C2) are naturally isomorphi by onsidering the 3-manifold Σ× I
with the two dierent ellular deompositions C1 and C2 at the boundaries.
The linear map between state spaes for given ellular deompositions desends
to a linear map between the physial state spaes ρM : HΣ1 → HΣ2 .
So far everything seems to be exatly analogous to the ase of quantum
gravity. In partiular, the spin networks on the boundary used to dene the
state spaes HΣ are as usual graphs with nodes and links. Representations are
assoiated with links and intertwiners with nodes. Only now the group is
OSp(1|2) and not SU(2). However, there is a subtlety. Namely, speifying a
graph, representations and intertwiners is not enough to dene a onrete spin
network uniquely. There are ordering ambiguities due to the nonommutativity
of the funtion algebra on OSp(1|2). Expressing the labelings (representations
and intertwiners) in terms of matrix element funtions it is neessary to speify
their ordering. A hange of ordering introdues fators of −1 for fermioni
omponents. Of ourse this is not a new degree of freedom and does not aet
the abstrat denition of the spaesHΣ. It is rather in onrete alulations that
this ambiguity needs to be taken into aount. In the iruit diagram formalism
this problem is oherently dealt with as the expliit graphial representation
takes are of the ambiguities (see [4℄). As we shall see this issue resurfaes (as
it should) in the disussion of the loop approah.
The standard physial interpretation of the theory is roughly as follows.
Consider two 2-manifolds Σ1 and Σ2 (thought of as spaelike hypersurfaes)
and a onneting 3-manifold M (thought of as the time evolution). Let ψ1
and ψ2 be elements of the physial state spaes HΣ1 and HΣ2 . Then the map
ρM : HΣ1 → H∗Σ2 an be evaluated on ψ1 and ψ2 yielding a omplex num-
ber. This gives a transition amplitude between the state ψ1 and the state
ψ2. There are ertain problems with this interpretation however (notably to
dene a measurement proess in this ontext). It has reently been suggested
to onsider manifolds with a onneted boundary instead and giving a physial
interpretation to amplitudes assoiated with state spaes on suh boundaries
[32, 33℄. This implies in partiular, that these boundary surfaes should be
thought of as having timelike omponents and that amplitudes are evaluated
on a single state. These questions, however, go beyond the framework of the
present paper.
5.4 Canonial quantization
Similarly to the pure gravity situation, one an develop a loop quantization
of supergravity, whih provides a anonial framework for the super Ponzano-
Regge spin foam model. Indeed, the (kinematial) states of a loop quantum
supergravity will atually be the osp(1|2) spin networks whih have been iden-
tied as boundary states of the super Ponzano-Regge model. From this point
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of view, the spin foam model denes the spae-time version, or path integral,
for loop quantum supergravity. It allows to take into aount the dynamis of
the anonial theory and thus to dene a projetor onto physial states. The
anonial framework is partiularly interesting for it introdues geometrial op-
erators suh as a (super)length operator, at the kinematial level, whih allow
to probe the physial meaning of the states of the quantum theory.
We an proeed to the anonial analysis of 3-dimensional (Eulidean de Sit-
ter) supergravity on a three-manifold of the type M = R × Σ. Starting with
the super BF ation (28), the anonial variables are the (spae omponents
of the) supertriad E and the (spae omponents of the) superonnetion A,
both valued in the superalgebra osp(1|2). These variables are onjugate and
the Hamiltonian onsists of two onstraints. The rst one, dAE = 0 imposes
a vanishing (super)torsion and generates OSp(1|2) gauge transformations. We
all it the super-Gauss law. The seond one, F(A) = 0 imposes atness of
the superonnetion. It generates "topologial" gauge transformations of the
supertriad
12
. It an be deomposed into three piees, a rst one generating
spae dieomorphism (on Σ), a seond one generating right handed supersym-
metry transformations and a last one -the Hamiltonian onstraint- generating
the evolution in time.
One an then loop quantize the theory following the same steps as for
the usual 3-dimensional gravity theory [21, 22℄. In this ontext, one onsiders
the partial observables given by gauge invariant ylindrial funtions of the
superonnetion A. A ylindrial funtion depends only on the holonomies of
A along the edges of a given losed oriented graph Γ:
φΓ(A) = φ({Ue[A], e ∈ Γ}).
Then one would like to impose OSp(1|2) gauge invariane, i.e. invariane under
OSp(1|2) at the verties v of the graph Γ. Heuristially, following the proedures
developed in the pure gravity ase, this would read as:
∀kv ∈ OSp(1|2), φ({k−1s(e)Ue[A]kt(e), e ∈ Γ}) = φ({Ue[A], e ∈ Γ}),
where s(e) and t(e) respetively denote the soure and target verties of an edge
e ∈ Γ. In fat, a funtion of the (super)holonomies Ue is atually dened as a
funtion of the matrix elements t(Ue) of the (super)group elements. Then, one
must be areful sine these matrix elements do not ommute: we must hoose
a (full) ordering of all the edges e. And the preise denition of gauge invari-
ane will depend on the hosen onvention. This is the same problem that one
faes when dealing with quantum groups, exept the ordering ambiguities only
introdue signs in our ase, whih makes the whole situation (muh) simpler.
Using the Haar measure dµ on OSp(1|2) [34℄, one an introdue the measure
produt of dµ on all edges e ∈ Γ, whih denes a natural salar produt on the
spae of square integrable ylindrial funtions. A basis of the resulting Hilbert
spae is provided by the osp(1|2) super spin networks [35, 36℄. These are labelled
by a osp(1|2) representation for eah edge and a osp(1|2) intertwiner for eah
vertex: |Γ, je, iv〉. Let us point that these super spin networks atually depend
on the ordering hosen for the edges of the graph. Nevertheless, as the ordering
denes the gauge invariane ondition, it does not introdue further states in
12
The topologial transformation reads δE = dAλ for a gauge parameter λ.
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our basis. Let us have a look at an example. We hoose a partiular ordering
of the edges, then a spin network funtional will read:
φ(U1, .., UE) = t(U1)t(U2)..t(UE)× intertwiners.
As OSp(1|2) gauge invariane is imposed on the intertwiners, if one would like
to hek how it reads on the edge 1, then one needs to translate the onditions
from the intertwiners to the matrix element t(U1) ommuting it with all the
other t(Ue), whih introdues signs eah time the matrix elements have an odd
parity.
Piling up all these Hilbert spaes for eah graph Γ (i.e summing over graphs
Γ), one onstruts a Hilbert spae of OSp(1|2) invariant states of the super-
onnetion, whih an be onsidered as the Hilbert spae of square integrable
funtions over gauge equivalene lasses of (generalized) superonnetions.
One last remark on osp(1|2) spin networks is to point out that, as all Rj rep-
resentations are symmetri/antisymmetri tensor produts of the fundamental
R1/2 representation, one an deompose any super spin network into a superpo-
sition of fundamental loops -labelled by R1/2- by splitting eah Rj labelled edge
into a symmetrized/antisymmetrized system of ropes, eah rope orresponding
to a R1/2 representation [36℄.
To nish the quantization, one needs to impose the atness onstraintF(A) =
0. First, one gets dieomorphism invariant states by onsidering equivalene
lasses of graphs under dieomorphisms of Σ. Then, one would like to imple-
ment the (right handed) supersymmetry onstraint and the Hamiltonian on-
straint on the resulting Hilbert spae. In the present work, we are not going to
disuss this issue diretly within the anonial framework. Instead, we takle
this issue from the spin foam point of view: we onstrut the path integral for
the theory, whih, one interpreted within the anonial framework, provides
us with a projetor onto the physial Hilbert spae (of states satisfying all the
onstraints). Indeed, the super Ponzano-Regge model, implementing the path
integral of the super BF ation (28), is a topologial state sum whose boundary
states (kinematial states) are atually the osp(1|2) spin networks and whih
denes a projetor on the physial states of supergravity (see Setion 5.3).
An attrative aspet of the Hilbert spae of (super) spin networks is its
geometrial interpretation. Indeed, adapting tehniques of 2 + 1-dimensional
loop quantum gravity [22℄ just like it is possible to extend results of (3 + 1)
loop quantum gravity to loop quantum supergravity [35℄, super spin networks
appear as eigenvetors of the super length operator. More preisely, the super
length of a urve c : τ ∈ [0, 1]→ c(τ) ∈ Σ is:
Lc =
∫
[0,1]
dτ
√
c˙a(τ)c˙b(τ)STrosp(1|2)(Ea(c(τ)) Eb(c(τ))). (41)
One an quantize it as an operator L̂c by replaing E by the derivative with
respet to A (and regularizing the expression) just as the gravity ase. Then
its ation is diagonal on super spin networks. The eigenvalue depends on the
osp(1|2) representations living on the edges of the spin network interseted by c
and is given by the sum of the squareroot of the Casimir of these representations:
L̂c|Γ, je, iv〉 =
 ∑
e|e∩c 6=∅
√
je
(
je +
1
2
) |Γ, je, iv〉. (42)
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One should be areful that this super length operators depends on both the
metri eld and the fermioni elds. It is not the simple length operator l̂c:
lc =
∫
[0,1]
dτ
√
c˙a(τ)c˙b(τ)Trsu(2)(ea(c(τ)) eb(c(τ))). (43)
Indeed, lc is invariant under SU(2) but not under OSp(1|2), so that its ation
annot be implemented on a spae of OSp(1|2) invariant funtionals. Consider-
ing a small urve interseting a single edge e labelled with the representations
Rj , l̂c would be the square root of the SU(2) Casimir operator J
iJ i on Rj
and would distinguish the two isospins V j and V j−1/2 assigning them dierent
length values
√
j(j + 1) and
√
(j − 12 )(j + 12 ). Then the fermioni elds on-
tribute − j2 (resp. 12 (j + 12 )) to the Casimir on V j (resp. V j−1/2), so that the
super length is diagonal.
From this perspetive, one an view super spin networks as supersymmetri
superposition of (pure) geometry states given by the usual su(2) spin networks
(labelled with su(2) representations V j).
5.5 Identifying Fermions on the spin foam
As the Ponzano-Regge model provides us with a path integral formulation for
three-dimensional quantum gravity, the super Ponzano-Regge model based on
osp(1|2) provides us with a path integral for three-dimensional quantum su-
pergravity. In this ontext, it would be interesting to distinguish the gravity
degrees of freedom from the fermioni degrees of freedom in our supersymmet-
ri state sum model. In partiular, we know that fermions live at the nodes of
spin networks in standard loop quantum gravity [37℄. However, in the present
super Ponzano-Regge model the fermioni eld is taken into aount in the
holonomies of the super onnetion A and therefore in the representations (of
osp(1|2)) living on the links of the super spin networks. It would be enlightening
to reformulate the super Ponzano-Regge model with "fermions" at the nodes in
suh a way as to make the link with the usual loop quantum gravity formalism.
In the following, we propose suh a piture in whih we an identify objets
similar to fermion worldlines on the spin foam. It looks like some fermions
propagating on some gravity bakground and therefore the super Ponzano-Regge
model appears as a path integral for gravity plus fermions. Nevertheless, we do
not prove that the proposed piture is "right", in the sense that the paths
drawn on the spin foam truly orrespond to the fermioni degrees of freedom.
To verify this onjeture one would have to to study a ontinuum limit (through
asymptotis of the supersymmetri 6j-symbols), or a semi-lassial limit, and
we postpone this analysis to future work.
Let us start by summarizing the geometrial struture of the (super) Ponzano-
Regge model. It is usually formulated on a simpliial triangulation of a three-
dimensional manifold: we work with tetrahedra glued along ommon triangles.
We an extend this to a generi ellular deomposition made of 0-ells (points),
1-ells (lines), 2-ells and 3-ells. In the spin foam ontext, we onsider the dual
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Figure 8: Tetrahedron and its boundary spin network.
strutures:
spinfoam ↔ triangulation
vertices ↔ 3− cells
edges ↔ 2− cells
faces ↔ 1− cells
volumes ↔ 0− cells
so that verties are linked by edges orresponding to the 3-ells glued along
2-ells. Usually, we onsider only the dual 2-omplex, meaning that we forget
about the last line of the above orrespondene, "losing" the notion of dual
volumes (and therefore of points in the triangulation).
Now, in the state sum model, we attah (super) group representations to
the 1-ells of the triangulation and intertwiners to the 2-ells (intertwining the
representations living on its boundary edges). In the spin foam setting, repre-
sentations are attahed to faes and intertwiners live on the edges (intertwining
the representations of the faes inident on a given edge). This way, taking a
generi slie of the spin foam, we obtain a graph with representations on its
links (ut faes) and intertwiners at its nodes (ut edges), i.e. a spin network.
Now the amplitude of a spin foam onguration is the produt of amplitudes
assigned to eah vertex (3-ell) multiplied with weights assoiated to the edges
(2-ells) and faes (1-ells). The weight of a fae is the (super) dimension of
the representation. The amplitude of a vertex is given by the evaluation of its
boundary spin network. More preisely, we onsider the 3-ell around a vertex.
Its boundary is a sphere (onsisting of several 2-ells). The intersetions of
the sphere with the faes around the vertex form a (super) spin network (on
the sphere). This boundary spin network an also be seen as the 1-skeleton
of the dual omplex of the boundary of the 3-ell. In the ase of a simpliial
deomposition, the 3-ells are the tetrahedra and the boundary spin networks
an be identied with the 6j-symbols (see Figure 8).
In the following, we will restrit our analysis to 3-valent spin networks, i.e.
the 2-ells of the triangulation are all triangles. As it is straightforward to
deompose an n-valent intertwiner into 3-valent intertwiners (the same way
that a generi polygon an be deomposed into internal triangles), the whole
onstrution will be easily extended to the generi ase.
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Let us forget about sign ambiguities for the moment and analyze the stru-
ture of osp(1|2) spin networks. Comparing to the Ponzano-Regge model, we
expet pure gravity degrees of freedom to be enoded in su(2) strutures. It is
then natural to deompose eah osp(1|2) representation into its su(2) isospins.
Applying this deomposition to an osp(1|2) spin network, we must distinguish
two types of osp(1|2) intertwiners:
(i) Intertwiners intertwining representations Rj1 , Rj2 , Rj3 with j1 + j2 +
j3 ∈ N, in whih ase there exists a omponent intertwining between the
isospins V j1 , V j2 , V j3 ;
(ii) Intertwiners intertwining representations Rj1 , Rj2 , Rj3 with j1+ j2+ j3 ∈
N + 12 , in whih ase there doesn't exist any su(2) intertwiner between
V j1 , V j2 and V j3 .
It appears natural to all an intertwiner of the type (i) a bosoni intertwiner, or
boson, and an intertwiner of the type (ii) a fermioni intertwiner, or fermion.
To analyze the struture of an osp(1|2) spin network, let us introdue a
graphial onvention for the su(2) spin networks resulting from the deomposi-
tion of the osp(1|2) spin network: solid and dotted lines orresponding respe-
tively to upper and lower isospins, V j or V j−
1
2
, of the originalRj representation.
Proposition 5.1. Considering a 3-valent osp(1|2) spin network, it ontains an
even number of fermioni intertwiners (fermions) and of bosoni intertwiners
(bosons). Deomposing eah osp(1|2) representation into its two su(2) isospins,
an upper one and a lower one, the osp(1|2) spin network appears as a sum of
su(2) spin networks, whih we draw with solid and dotted links orresponding to
upper and lower su(2) representations. Then, in eah of the resulting su(2) spin
networks, dotted links form lines on the spin network linking the fermions: the
set of dotted lines an be partitioned into lines between pairs of fermions (eah
fermion being linked to a single other fermion) and losed loops.
Let us rst point out that a 3-valent graph has an even number of nodes
13
.
The key point of the proof is that there is an even number (0 or 2) of dotted lines
at a bosoni intertwiner and an odd number (1 or 3) at a fermioni intertwiner
(as drawn in Figure 6). Then, from the point of view of the dotted lines, we
an forget the solid lines and the bosoni intertwiners, and only onsider the
graph made of the dotted links and the fermioni intertwiners, whih we all
the dotted graph.
Among these fermioni intertwiners, there are some whih are attahed to
only one dotted line. Suh a fermion f1 is linked diretly to another fermion
f2 through that dotted line. Thus, we an put aside that ouple of fermions,
f1 and f2, and that dotted line. The dotted graph left after removing these
two fermions is still a graph of the same type, sine f2 had either one attahed
dotted link (the one linking it to f1) or three dotted links in whih ase f2
beomes a bivalent node on the dotted graph and we an forget it. After having
removed all suh fermions, either there are none left and the dotted graph is
a set of loops, or we are left with a 3-valent graph, whih we all the redued
dotted graph.
13
If E is the number of links of the graph and V its number of nodes then 2E = 3V .
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Figure 9: Deomposition of the tetrahedral net with two fermioni intertwiners
on su(2) spin networks with solid/dotted lines for upper/lower su(2) isospins
(the dots mean summing over the symmetri situations). One sees that the
dotted links form a path between the two fermions, plus possibly a loop. Also,
one noties, in the ase of the diagram 5 for example, that the hoie path/loop
is not unique and that one an even forget the loop and onsider a single long
dotted line linking the two fermions.
Then any 3-valent graph has an even number of nodes and it is moreover
possible to show by indution that we an deompose it into lines onneting
pairs of verties and (losed) loops.
Let us point out that the deomposition of the dotted lines -linking pairs
of fermions- and loops is not unique at all. Therefore, there is a hoie of
"interpretation" in the hoie of whih fermion is linked to whih other one.
We illustrate these onsiderations with the example of the tetrahedron net (6j-
symbol) in Figure 9 and Figure 10.
Now, let us ome bak to the spin foam model. An osp(1|2) spin foam is
labelled by osp(1|2) representations on its faes, and the intertwiners live on its
edges, whih are then either bosoni or fermioni. The amplitude of a given
osp(1|2) spin foam is the produt of the boundary spin networks orresponding
to its 3-ells/dual verties. Eah of these boundary spin networks is the sum
of many su(2) spin networks on whih are drawn loops and lines linking eah
fermioni intertwiner to another one. Let us emphasize that eah edge orre-
sponds to a able that we ut into two osp(1|2) intertwiners whih are the same
(up to some sign onventions), so that both are fermioni or both are bosoni.
This property is inherited by the su(2) intertwiners, drawn with solid and dotted
lines, when deomposing the osp(1|2) representations into su(2) isospins.
The resulting spae-time piture is that we have fermions propagating on
the edges of the spin foam and meeting at the verties. Eah term of the sum
desribes what happens at the verties (fermion sattering,. . . ) and therefore
an be understood as a Feynman diagram for fermions drawn on the geometrial
skeleton of the spin foam. At the level of the amplitude, the full amplitude is
the sum of the amplitudes of su(2) spin foams on whih are drawn fermioni
loops and lines.
On the triangulation, intertwiners live on the triangles, whih are thus
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Figure 10: Deomposition of the tetrahedral net with four fermions: The dotted
links form two lines, eah one linking two fermions together. In the diagrams
1,2,3, it is straightforward to see whih fermion is linked with whih other. In
the diagrams 4,5, the situation is more ompliated and it is just a question of
interpretation to deide whih fermioni intertwiner is linked with whih other
one, i.e. whih fermion goes where.
fermioni or bosoni. Then, eah term of the boundary spin network of a given
3-ell tells one whih fermion (fermioni triangle) goes where. And one an
build a sequene of triangles by following a given fermioni triangle through
every 3-ell, simply the path of a fermion.
Through this onstrution, we have identied fermioni degrees of freedom
attahed to the intertwiners, whih mathes with the anonial loop quantum
gravity piture. Moreover, we have interpreted the super Ponzano-Regge model
as providing a path integral for gravity+fermions, in whih the spae-time is
desribed as fermions propagating on a "bakground" geometry desribed with
the usual su(2) representations of the Ponzano-Regge model. Let us point out
that it is not simply a bakground geometry sine the fermions modify the
geometrial properties -the length of urves for example- along their path.
To sum up, given a triangulated three-dimensional manifold ∆, one labels its
1-ells with osp(1|2) representations and assigns an amplitude to eah ongura-
tion (onsistent labelling under the reoupling theory of osp(1|2)). Then the full
super Ponzano-Regge partition funtion for ∆ is the sum of these amplitudes
over all ongurations. Considering a given term (xed osp(1|2) labels), deom-
posing eah osp(1|2) representations into su(2) representations, the amplitude
appears like a (supersymmetri) superposition of pure gravity/geometry spae-
time states/ongurations dened by su(2) edge labels like in the Ponzano-
Regge model. This superposition of gravity states an also be interpreted as
one pure gravity state plus gravity states with propagating fermions.
This an be written as a deompositions of the partition funtion for a xed
losed triangulated manifold ∆:
Z(∆) =
∑
Josp(1|2)
Z(SPR)(∆, J) =
∑
Josp(1|2)
∑
jsu(2) →֒J
c(J, j)Z(su(2))(∆, j). (44)
Z(SPR) is the super Ponzano-Regge amplitude for speied olorings Josp(1|2).
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When we deompose osp(1|2) representations into su(2) isospins, this ampli-
tude reads as a sum of su(2) terms, with c(J, j) some normalization oeients
(suh that the sum is supersymmetri). Eah term Z(su(2))(∆, j) is a produt
of 6j-symbols of su(2) and the oeients c(J, j) an be onsidered as part of
the measure for the sum. Then, using our graphial notation with solid/dotted
lines, we an identify the fermions, living on triangles, and the fermioni lines
orresponding to eah term c(J, j)Z(PR)(∆, j) and it turns out that a term is
non-vanishing i the fermioni lines form loops on the spin foam. Therefore,
one ould swap the sums on osp(1|2) and su(2) labels in the partition funtion.
This means rst summing on su(2) representation labels and then on the possi-
ble onsistent ways of embedding them into osp(1|2) representations, i.e. over
onsistent hoies of solid/dotted lines in the evaluation of the 3-ell boundary
spin networks. These onsistent ongurations will then be dened by all pos-
sible sets of (losed) loops, the fermioni paths, drawn on the spin foam. Let us
emphasize that the sum over su(2) is a generalised one: we do not sum over one
representation label j for eah fae of the spin foam (like in the Ponzano-Regge
model) but we sum over ouples of labels -j and j − 12 - for eah fae and allow
dierent labels -j or j − 12 - around a single fae, one for eah adjaent vertex
(equivalently, at the level of the triangulation, a representation j is attahed to a
1-ell and we sum over assignements of j or j− 12 to eah 3-ell adjaent to that
1-ell). Then, when ∆ has boundaries, one must rst hek whih boundary
nodes are fermioni and then the loops must also inlude lines drawn between
pairs of boundary fermions. At the end of the day, the partition funtion looks
like a sum over gravity ongurations and fermion paths drawn on the spin
foam, or equivalently gravity+fermions Feynman diagrams.
Finally, we emphasize that the whole onstrution is just a "nie" piture
for the moment and that we have not provided a proof that the fermioni inter-
twiners are truly physial fermions and that the dotted lines are truly fermion
paths. It is true that this interpretation seems natural from the point of view
of the representation theory and that it leads to an interesting understanding of
the partition funtion as a sum over oupled gravity+fermions ongurations.
Nevertheless, only a semi-lassial analysis or the study of a ontinuum limit
ould settle the issue and prove the piture right or wrong.
5.6 Inluding a osmologial onstant: Uq(osp(1|2)) spin
foams
In spin foam models for quantum gravity, quantum deforming the gauge group
has two uses. On the one hand, it regularizes the state sum by making nite
the sum over representations. On the other hand, it is supposed to take into
aount a positive osmologial onstant. In the ase of the Ponzano-Regge
model, quantum deforming SU(2) into SUq(2) leads to the Turaev-Viro model
[24℄. Choosing q = e
2pii
N
to be a root of unity redues the number of inequivalent
irreduible representations to be nite with a spin uto j ≤ (N −2)/2: Having
nite sums makes the Turaev-Viro model well-dened. Let us reall the q-
dimensions of the representations, whih enter the state sum instead of the
ordinary dimensions:
qdim(j) =
qj+
1
2 − q−j− 12
q
1
2 − q− 12 =
sin
(
(2j + 1) πN
)
sin
(
π
N
) −−−→
q→1
2j + 1. (45)
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Moreover, it has been shown that the osmologial onstant Λ is linked with
the parameter q through N
√
Λ = 2π. Mathematially, this omes from the
reformulation of three-dimensional quantum gravity as the sum of two SU(2)
Chern-Simons theories. More preisely, the partition funtion of the Turaev-
Viro model, as the quantization of BF theory with osmologial onstant, ap-
pears to be the squared absolute value of the Chern-Simons amplitude (with
level N) [38℄. On a more empirial level, it an be seen from the asymptotis of
the quantum 6j-symbols whih turns out to be the osine of the Regge ation
for (disretized) gravity with osmologial onstant.
In this ontext, it is very appealing to q-deform the super Ponzano-Regge
model writing a super Turaev-Viro model based on the quantum group Uq(osp(1|2)).
This is a very simple quantum (super)group. Just like for all the Uq(osp(1|2n)),
there exists an invariant Haar measure and a Peter-Weyl deomposition [39, 40℄.
Tensor produts of irreduible representations are totally reduible, so that one
an straightforwardly write a orresponding topologial model using the usual
tehniques to deal with quantum groups. In partiular, the iruit diagram
formalism generalizes to this setting [4℄.
Then, for q = e
2pii
N
an Nth root of the unity, there is one again a nite
number of irreduible representations Rj,± labelled by half-integers 0 ≤ j ≤
(N −1)/2 and a parity ±. Choosing, as we did for osp(1|2), the parity to be the
physial one (i.e. to obey the spin-statistis relation) their q-superdimension is:
qSdim(Rj) = (−1)2j q
2j+1 + q−2j
q + 1
= (−1)2j cos
(
(4j + 1) πN
)
cos
(
π
N
) −−−→
q→1
(−1)2j .
(46)
Therefore, in this setting, sums over representations are nite and the resulting
state sum is well-dened. For more details on the representation theory and
more partiularly on the tensor produts of representations, we refer to [39, 40℄.
Paralleling the situation for gravity, three-dimensional (Eulidean de Sit-
ter) supergravity an be formulated as the sum of two OSp(1|2) Chern-Simons
theories, as explained in Setion 4.1. Thus, its quantization should yield the
quantum group Uq(osp(1|2)) with q related to the osmologial onstant as
above. Furthermore, the relation between quantized Chern-Simons theory and
the Turaev-Viro model is the same for super (quantum) groups as for ordinary
(quantum) groups. Thus, the super Turaev-Viro model should indeed enode
the quantization of the supersymmetri theory with osmologial onstant. It
would be very interesting to work out the asymptotis of the super quantum
6j-symbols to hek the relation q ↔ Λ on a semi-lassial level.
Let us point out a weakness in the link between the q-deformation and
the osmologial onstant: the q-deformation does not appear naturally in the
loop quantum gravity setting. Indeed, the kinematial states of quantum
gravity are SU(2) spin networks and the osmologial onstant Λ appears only
in the Hamiltonian onstraint governing the dynamis. The same ours for
supergravity. Through the q-deformation of the Ponzano-Regge model into
Turaev-Viro model, it seems that, at the spin foam level, the q-deformation
allows to take into aount properly the dynamis implied by the osmologial
onstant. We expet the same situation in supergravity. Still, it would be very
interesting to study how the q ↔ Λ relation ould appear in the anonial loop
gravity framework, both in the gravity ase and in the supergravity ase.
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5.7 Towards a Lorentzian model: ospL(1|2) spin foams
Up to now, we have dealt with the Eulidean Ponzano-Regge model orrespond-
ing to a quantization of Eulidean (or Riemannian) gravity. We an also study
the Lorentzian version [41, 42℄ quantizing 2+ 1-dimensional gravity and extend
to a supersymmetri Lorentzian Ponzano-Regge model whih would be a state
sum for Anti-de Sitter supergravity in 2 + 1 dimensions.
Let us start by desribing the Lorentzian Ponzano-Regge model. As the
gauge group (in the onnetion formalism) of 2+1-dimensional gravity is SO(2, 1)
instead of SO(3), we build a model invariant under SU(1, 1) instead of under
SU(2). It uses the unitary irreduible representations of su(1, 1), whih are in-
nite dimensional. These representations are of two kinds (restriting ourselves to
the prinipal representations, appearing in the Planherel formula for su(1, 1)):
a ontinuous series and two disrete series, one negative and one positive. The
representation spaes are similar to the su(2) ase, with a basis |m〉 labelled
by half-integers. The representations of the ontinuous series have a basis la-
belled by all m ∈ Z (or m ∈ Z + 1/2 depending on their parity) whereas the
representations of the disrete series are in a way omplementary to the su(2)
representations and have a basis spanned by a bounded label, m ≥ j (for the
positive representation V j(su(1,1))) or by m ≤ −j (for the negative series). The
dierene between su(2) and su(1, 1) an be understood on the Lie algebra level
as arising from a dierene in the hermitiity onditions: For J± dened in (32),
su(2) is haraterized by J†± = J∓ whereas su(1, 1) is dened by J
†
± = −J∓ (for
more details, see for example [22℄).
Then, these su(1, 1) representations label the edges of the triangulation (or
the faes of the spin foam) and have a lear geometri interpretation: the rep-
resentations of the ontinuous series orrespond to spae-like edges and the
representations of the positive (resp. negative) disrete series to future (resp.
past) oriented time-like edges. Following [42℄, one an then write a topologial
model based on the whole ategory of ontinuous and disrete representations.
However, one an also build a "restrited" topologial model using solely the
positive disrete series (beause this set of representations is losed under ten-
sor produt). This restrited model is partiularly interesting for it ontains
only oriented time-like representations (orresponding to time-like edges) and is
interpreted using time-like boundaries
14
.
Now, we would like to build a supersymmetri Lorentzian Ponzano-Regge
model. Following setion 4, it would orrespond lassially to Anti-de Sitter
(Lorentzian) gravity, using the gauge group OSpL(1|2), the supersymmetri ex-
tension of SU(1, 1), instead of OSpE(1|2). We would only extend supersymmet-
rially the (positive) disrete series of representations and give a supersymmetri
version of the restrited Lorentzian model. Its natural interpretation would be
with time-like boundaries and fermions on these time-like boundaries.
Mimiking the representation theory of ospE(1|2) (hoosing weights m ≥ j
instead of |m| ≤ j and rotating by i the generators J±), we nd representations
Rj of ospL(1|2) whih are sums of two (unitary, innite dimensional) represen-
14
In the framework of the restrited model, there is a natural light one struture on the
spin foam. Indeed, onsidering a point in the triangulated manifold, the set of its future events
is given by all points linked to it by a sequene of future oriented edges. In this ontext, one
an easily identify the double ones (or diamonds) and study the orresponding observables.
This brings the model lose to the framework of algebrai quantum eld theory.
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tations, V j and V j−
1
2
, of su(1, 1). Eah V k representation an be written in
a basis similar to the su(2) ase |k,m〉, but with weights m ≥ k. The expliit
ation of the generators is:
J3|j, j,m〉 = m|j, j,m〉,
J3|j, j − 1
2
,m〉 = m|j, j − 1
2
,m〉,
J±|j, j,m〉 = (m(m± 1)− j(j + 1))1/2 |j, j,m± 1〉,
J±|j, j − 1
2
,m〉 =
(
m(m± 1)− (j − 1
2
)(j +
1
2
)
)1/2
|j, j − 1
2
,m± 1〉,
Q+|j, j,m〉 = −(m− j)1/2|j, j − 1
2
,m+
1
2
〉,
Q+|j, j − 1
2
,m〉 = i
2
(m+ j +
1
2
)1/2|j, j,m± 1
2
〉,
Q−|j, j,m〉 = −i(m+ j)1/2|j, j − 1
2
,m− 1
2
〉,
Q−|j, j − 1
2
,m〉 = −1
2
(
m−
(
j +
1
2
))1/2
|j, j,m− 1
2
〉. (47)
The ommutation relations are:
[J3, J±] = ±J± [J+, J−] = −2J3
[J3, Q±] = ±1
2
Q± [J±, Q±] = 0 [J±, Q∓] = −iQ±
{Q±, Q±} = ∓ i
2
J± {Q∓, Q±} = 1
2
J3. (48)
The hermitiity relations are J†3 = J3, J
†
± = J∓ and Q
†
+ = ±Q−, Q†− =
∓Q+, the sign reeting the parity assigned to the representation just as in the
ospE(1|2) ase.
The (3-valent) intertwiners an be dened through the deomposition of the
tensor produt of two representations. In the su(1, 1) ase, it reads as:
V j ⊗ V k =
⊕
l≥j+k
V l, (49)
where l goes by integer steps. The ondition l ≥ j + k is the anti-triangular
inequalities for a triangle with only timelike edges. We get the same strutures
for the supersymmetri extension:
Rj ⊗Rk =
⊕
l≥j+k
Rl, (50)
where l now goes through all half-integer values.
We are not going to desribe the details of expliitly onstruting the Lorentzian
super-Ponzano-Regge model. Just as for the Lorentzian Ponzano-Regge model,
we would need to takle the diulties linked with the use of a non-ompat
group and innite dimensional representations. This is beyond the sope of
the present paper. Nevertheless, we already see by the similarity of the repre-
sentation theories that all the onsiderations made for the Eulidean ase will
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translate to the Lorentzian ase: we an also distinguish fermioni and bosoni
intertwiners in the Lorentzian model and a Lorentzian super-Ponzano-Regge
state sum will have a natural interpretation as a spin foam model with fermions
on timelike boundaries.
6 Conlusions and Outlook
We have presented a general diagrammati formalism to deal with supersym-
metri spin foam models. It is on the one hand a speial ase of the formalism
presented in [4℄ and on the other hand an extension to the graded ase of the
onnetion formulation of spin foam models. Using the formulation of three-
dimensional supergravity as a topologial BF theory with an OSp(1|2) gauge
group, we have dened a super-Ponzano-Reggemodel, a disretized path integral
for quantum supergravity. The model, extension of the original Ponzano-Regge
model, is naturally independent of the disretization. We have desribed the
extension of the model to a topologial quantum eld theory, thus providing a
desription of all the elemets of the quantum theory of supergravity in dimension
three. We have also studied aspets of anonial loop quantum supergravity, ex-
pressed its kinematial states as super spin networks and onsidered its relation
to our super-Ponzano-Regge model.
Sine supergravity ontains fermioni degrees of freedom, we have onsid-
ered the problem of identifying these in the super-Ponzano-Regge model. It
turned out that osp(1|2) intertwiners are of two kinds, whih we tentatively
alled bosoni and fermioni. Starting with this assumption, we an iden-
tify (losed) fermion paths on the spin foam. We an also write the partition
funtion of the supersymmetri model as a sum over (supersymmetri) superpo-
sitions of pure gravity/geometry states, whih we suggest to interpret as a sum
over gravity ongurations plus fermion paths drawn onto some bakground
geometry (dened by a pure gravity state).
We would need to study in more details how to extend the present proedures
to the Lorentzian ase, therefore studying (Anti-de Sitter) Lorentzian quantum
supergravity in 2+1 dimensions. The (restrited) ospL(1|2) model, using solely
time-like representations, desribes time-like boundaries with fermions on these
boundaries. One should dene properly this model, but also see if one ould
extend supersymmetrially the ontinuous series of representations of su(1, 1)
in order to inlude spae-like edges in the model.
It ould be also interesting to look at theories with higher supersymmetries,
e.g. invariant under OSp(p|2) × OSp(q|2) [11℄. As long as the theory an be
dened as a kind of BF theory there does not seem to be any obstale.
One of the most intriguing further diretions is ertainly the generalization
to higher dimensions. We have performed the quantization of super BF theory
in any dimension. The interesting question is thus how (and whih) supergravity
theories an be desribed as onstraint super BF theories. The approah would
then be as in popular models of four-dimensional quantum gravity (for reviews,
see [2, 3℄). Namely, one tries to implement the onstraints diretly in the quan-
tized theory, turning quantum super BF theory into quantum supergravity. A
deliate issue in this ontext is to understand how to write supergravities as
gauge theories of supersymmetially extended Lorentz groups when supersym-
metry is an extension of the Poinaré group. (There is also the problem of giving
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a Poinaré invariant formulation for even dimensional theories.) It looks as if
this diretion might nally allow for a onnetion between spin foam quantum
gravity and superstring theory. If feasible, this ould provide the starting point
for an approah to M-theory that is both manifestly bakground inependent and
non-perturbative.
Many aspets of the present work need further investigation. For instane,
one should hek the asymptotis of the supersymmetri 6j-symbols and see
if one an reover a Regge ation for gravity+fermions. Extending this to the
ontext of a osmologial onstant, one should ompute the 6j-symbol for the
q-deformed OSpq(1|2) and also ompute its asymptotis in order to hek the
relation between q and the osmologial onstant Λ.
The super-Ponzano-Regge model as well as the higher dimensional quantum
super BF theories provide invariants of manifolds that are potentially new. They
might be related to the Casson invariant as is suggested by Witten's desription
of suh a relation for similar supersymmetri theories [43℄. However, at present
this issue is not lear to us.
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A Partition Funtions for the Ponzano-Regge model
A.1 The original model: the graded partition funtion
We dene the Raah symbol as a reoupling oeient (with ∆j = 2j + 1 the
dimension of the j-representation of su(2)):
|(j1, (j2, j3)j23)j〉 =∑
j12
(∆j12∆j23)
1/2(−1)j1+j2+j3+j
{
j1 j2 j12
j3 j j23
}
R
|((j1, j2)j12, j3)j〉,
whih leads to the expression in terms of the Clebsh-Gordan oeients{
j1 j2 j12
j3 j j23
}
R
= (−1)sign∑m1,m2,m3 [ j1 j2 j12m1 m2 m12
] [
j12 j3 j
m12 m3 m
]
[
j2 j3 j23
m2 m3 m23
]∗ [
j1 j23 j
m1 m23 m
]∗
,
with sign = j1 + j2 + j3 + j. Then using the (Biedenharn-Elliot) identity{
g h j
e a d
}
R
{
g h j
e′ a′ d′
}
R
=
∑
x
∆x(−1)sign
{
a a′ x
d′ d g
}
R
{
d d′ x
e′ e h
}
R
{
e e′ x
a′ a j
}
R
38
with sign = g+h+ j+ e+ a+ d+ e′+ a′+ d′+x, and the orresponding 1↔ 4
identity, one an easily show that the following model is topologial:
ZPR =
∑
{j}
∏
edges
(−1)2j∆j
∏
triang
(−1)a+b+c
∏
tetra
{6j}R. (51)
A.2 The standard ungraded model
One an use the Wigner 3j-symbols:(
j1 j2 j3
m1 m2 m3
)
=
(−1)j1−j2−m3√
∆j3
[
j1 j2 j3
m1 m2 −m3
]
to dene the 6j-symbol:{
j1 j2 j3
j4 j5 j6
}
=
∑
mi
(−1)sign
(
j1 j2 j3
m1 m2 m3
)(
j5 j6 j1
m5 −m6 m1
)
(
j6 j4 j2
m6 −m4 m2
)(
j4 j5 j3
m4 −m5 m3
)
with the sign = j4+j5+j6+m4+m5+m6 due to using the dual representation
for j4, j5, j6. The partition funtion for the Ponzano-Regge model is then simply:
ZPR =
∑
{j}
∏
edges
∆j
∏
tetra
{6j}. (52)
If one writes the partition funtion for a losed 3-manifold made out of two
idential tetrahedra glued together, one an hek that
{6j}2R = {6j}2, (53)
so the dierene boils down to a dierene in signs.
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